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(3) (4) Dynkin defect
(5)
(1)
(l)Gelfand-Ponomarev (1970)Problem of linear algebra and classification of
quadruples of subspaces in a finite dimensional vector space (
4 )
(2)Gabriel
Dynkin An, $D_{n},E_{6},E_{7}$ ,Es
4 $K$
$T$ $K$ $H=K\oplus K$ 4
$H=K\oplus K,E_{1}=K\oplus O,E_{2}=0\oplus K,E_{3}=\{(x,x);x\in K\},E_{4}=\{(x, Tx);x\in K\}$
$Sr=$ $(H;E_{1},E_{2},E_{3},E4)$ $S_{T}$ T
$S$ K ,
$S_{T}=(H;E_{1},E_{2}, E_{3},E_{4})$ $T$ $S$ $T$ similar
$S_{S}$ $Sr$ $T$ $S_{T}$
4 ( $n$ )
: $H$ $E_{1},E_{2},E_{3},E_{4}$ H
$S=(H;E_{1},E_{2}, \ldots,E_{n})$ n- 2 n-
$S=$ ($H$;El, E2, .. .,En), $T=(K:F_{t},F_{2}, \ldots,F_{n})$
$\Phi\in B(H,K)$ $\Phi(E_{l})=F_{l}(i=1, \ldots, n)$
$S\simeq$ 7 $S\oplus T$
$S\oplus T=(H\oplus K;E\iota\oplus F_{1},E_{2}\oplus F_{2}\ldots,E_{n}\oplus F_{n})$.
n- 8 $=(H;E_{1},E_{2}, \ldots,E_{n})$ $0$ $H=0$
$S=(H;E_{1},E_{2}, \ldots,E_{n})$ $S\simeq S_{1}\oplus S_{2}$
$S_{1}\simeq 0$ $S_{2}\simeq 0$
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n- $n=1$ ,
$S=(H;E_{1})=(C;\mathbb{C})$ $(\mathbb{C};0)$ . $n=2$ ,
$S=(H;E_{1},E_{2})=(\mathbb{C};\mathbb{C}, \mathbb{C}).(\mathbb{C};\mathbb{C}, 0)_{:}(\mathbb{C};0.\mathbb{C}),$ $(\mathbb{C};0,0)$ . $n=3$ ,
$\dim H<$ $\infty$ $S=(H;E_{1},E_{2},E_{3}),$ $\dim H=1,$ $\dim E_{i}=0$ or 1,
$\dim H=2,S=(H;E_{1},E_{2},E_{3})=(\mathbb{C}^{2};\mathbb{C}(\begin{array}{l}10\end{array}), \mathbb{C}(\begin{array}{l}01\end{array}), \mathbb{C}(\begin{array}{l}11\end{array}))$
$\dim H=\infty$ . Halmos transitive lattice









H M [ M
(I) $\dim H=2k(k=1,2, \ldots)$
$H=[e_{1}, \ldots,e_{k},fi, \ldots J_{k}]$,
$\{e_{1}, \ldots,e_{k_{2}}fi, \ldots,f_{k}\}$ H
$(I_{a})\rho(S)=-1$
$H=[e_{1}, \ldots,e_{k}J_{1}, \ldots J_{k}]$ ,
$E_{1}=[e_{1} , ..., e_{k}],E_{2}=V_{1},$ $\ldots,f_{k}],E_{3}=[e_{2}+fi, \ldots,e_{k}+f_{k-1}],E_{4}=[e_{1}+fi,$ $\ldots,e_{k}+f_{k}$
$(Ib)\rho(S)=+1$
$H=[e_{1}, \ldots,e_{k},fi, \ldots J_{k}]$,
$E_{1}=[e1, \ldots,e_{k}],E_{2}=K\iota,$ $\ldots J_{k}],E_{3}=[e_{1},e2+fi, \ldots,e_{k}+f_{k-1},f_{k}],E_{4}=[e1+f_{1},$ $\ldots,e$
$(I_{c})\rho(S)=0$ ( ).
$H=[e_{1}, \ldots,e_{k},fi, \ldots J_{k}]$,
$E_{1}=[e1, .. . 2 e_{k}],E_{2}=V1,$ $\ldots J_{k}],E_{3}=[e_{1},e2+fi, \ldots,e_{k}+f_{k-1}],E_{4}=[e1+fi,$ $\ldots,e_{k}+$
$(Id)\rho(S)=0(\lambda\neq 0,1)$
$H=[e1, \ldots,e_{k}J_{1}, \ldots J_{k}]$ ,
$E_{1}=[e_{1}, .. ., e_{k}],E_{2}=V\iota,$ $\ldots,f_{k}],E_{3}=[e_{1}+\lambda f_{1}, e_{2}+f_{1}+\lambda f_{2}, \ldots,e_{k}+f_{k-}i+\lambda f_{k}],E_{4}=$
(II) $\dim H=2k+1(k=0,1,2, \ldots)$
$H=[e_{1}, \ldots,e_{k},e_{k+1}J_{1}, \ldots,f_{k}],$ $\{e_{1}, \ldots,e_{k},e_{k+1},f_{1}, \ldots f_{k}\}$ is a basis for $H$.
$(II_{a})\rho(S)=2$
$H=[e_{1}, \ldots,e_{k},e_{k+1}J_{1}, \ldots J_{k}]$ ,
$E_{1}=[e_{1}, .., ,e_{k},ek+1],E_{2}=V1,$ $\ldots f_{k},e_{k+1}]$ ,
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$E_{3}=[e_{1},e_{2}+fi, \ldots,e_{k+1}+f_{k}],E_{4}=[f_{1},e_{1}+f_{2}, \ldots,e_{k-1}+f_{k},e_{k}+e_{k+1}]$.
(II $b$ ) $\rho(S)=-2$
$H=[e_{1}, \ldots,e_{k},e_{k+1},fi, \ldots,f_{k}]$ ,
$E_{1}=[e\iota, \ldots,e_{k}],E_{2}=[fi, \ldots,f_{k}]$ ,
$E_{3}=[e_{2}+fi, \ldots,e_{k+1}+f_{k}],E_{4}=[e_{1}+f_{2}, \ldots,e_{k-1}+f_{k},e_{k}+e_{k+1}]$.
$(II_{c})\rho(S)=+1$
$H=[e_{1}, \ldots,e_{k},e_{k+1}J_{1}, \ldots J_{k}]$ ,
$E_{1}=[e_{1}, \ldots,ek,e_{k+1}],E_{2}=V\iota,$ $\ldots,f_{k}]$ ,
$E_{3}=[e_{1},e_{2}+fi, \ldots,e_{k+1}+f_{k}],E_{4}=[e_{1}+fi, \ldots,e_{k}+f_{k},e_{k+1}]$.
$(II_{d})\rho(S)=-1$
$H=[e_{1}, \ldots,e_{k},e_{k+1},f_{1}, \ldots J_{k}]$ ,
$E_{1}=[e_{1}, \ldots,e_{k},e_{k+1}],E_{2}=V\iota,$ $\ldots,f_{k}]$ ,
$E_{3}=[e_{2}+fi, \ldots,e_{k+1}+f_{k}],E_{4}=[e_{1}+fi, \ldots,e_{k}+f_{k}]$ .
$(II_{e})\rho(S)=0$
$H=[e_{1}, \ldots,e_{k},e_{k+1}J_{1}, \ldots J_{k}]$ ,
$E_{1}=[e_{1}, \ldots,e_{k},e_{k+1}],E_{2}=V1,$ $\ldots,f\iota]$ ,
$E_{3}=[e_{1},e_{2}+fi, \ldots,e_{k+1}+f_{k}],E_{4}=[e_{1}+fi, \ldots,e_{k}+f_{k}]$ .





$A_{ij}:E_{i}\oplus E_{j}arrow H(i_{2}j=1, \ldots, 4),A_{lj}(x_{l},x_{j})=x_{i}+x_{j}(x_{i}\in E_{l})$
$\dim A_{ij}<\infty,$ $\dim A_{ij}^{*}<\infty$ , $A_{ij}$ quasi-Fredholm
$Ind(Au)$ $lnd(A_{ij})=\dim KerA_{ij}-\dim KerA_{ij}^{*}$ .






Functors $\Phi^{+}$ , $\Phi$- $\Phi^{+},\Phi^{-}$





I $b_{1}^{\sim}$ $g_{z}$. $\triangleright\iota|^{\wedge}()_{\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}}$ $b_{1}^{\ovalbox{\tt\small REJECT}}\mathcal{E}_{t}$ $\mathcal{G}_{l}$







: $\Gamma=(V,E,s,r)$ V, $E$ 2
$s,r$ :E $arrow$ V 4 , $r$ $a\in E$ $s(a)$ $r(\alpha)$
$b\in V$ $\grave{\grave{1}}$ sink $b$ $\neq$ SO) $0\in$ E$F$







$f=(f_{a})_{a\in E}$ fa : $H_{s(a)}arrow H_{r(a)}$
$\nabla_{1\wedge^{*V}}0*$
$e_{1}(’\searrow_{l}^{e}$





: $\Gamma=(V,E,s,r)$ $(H,f),$ $(K,g)$ $\Gamma$ 2
(H,f) (K
$\kappa$
g) $\varphi$ v $\in B$( $H_{v}$ ,Kv)
$\varphi=(\varphi_{v})_{v\in V}$ $\varphi_{r(a)}f_{a}=g_{a}\varphi_{s(a)}$
$\varphi$ : $(H,f)arrow(K,g)$ $\varphi$ : $(HJ)arrow(K,g)$
$Hom((H,J), (K,g))$ $Hom((H,f)$ , (H. D) End(H
: $\Gamma=(V,E,s,r)$ $(H,f),$ $(K,g)$ $\Gamma$ 2
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$(H,f)$ $(K,g)$ $\varphi$ l’ $\in B(H_{1},.K_{t}\cdot)$
$\varphi=$ $(\varphi$ ,, $)$ v $\in$ ” $\varphi_{r(a}f_{a}=g_{a}\varphi_{s(a)}$
$(H.f)\simeq(K,g)$
: $\Gamma=$ $(V,E. s.r)$ $(K.g),$ $(K’,g’)$ $\Gamma$
$(H_{\backslash }f)=$ $(K.g)\oplus(K’,g)$ $H,,$ $=K_{v}\oplus K_{1}’,(v\in V),$ $f_{a}=g_{a}\oplus g_{a}-(\alpha\in E)$
(H9f) $0$ $H_{v}=0(v\in V)$ $\Gamma$ $0$












: $T\in$ End(HJ) idempotent $T^{2}=$ 7- $TS=$ ST




















$k$$ $0^{1}arrow k\0{(\mathfrak{n},x\backslash \}arrow$ $\oplus$ 0$\Phi$ $k^{\iota}$
$\downarrow$
$($1 $t_{\iota}t^{Y}" f)\}arrow\kappa*$


















( [EW3]( ) )
: $\Gamma$ $\tilde{A}_{1}$ $\Gamma’$ An $(H,f),$ $(K,g)$
$A$
$\Gamma^{l}:t^{\wedge}\cup^{O}$
’ $(H_{/}f)\backslash \backslash H_{0_{\dot{8}}}^{\wedge}H_{t}$













4 3 $=(H;E_{1}, \ldots,E_{4})$ defect $\rho$(S)
$\rho(S)=\frac{1}{3}$
$\sum_{i<j}$
Ind(Aij) $A_{ij}$ :Ei $\oplus$ Ej $arrow$ H
$A_{ij}((x_{i},x_{j}))$ $=x_{i}+x_{j}(x_{i}\in E_{i},x_{j}\in E_{j})$





















3 $H_{1}\subset H_{2}\subset H_{3}$
$K_{1}=H_{1},K_{2}=H_{2}\cap H_{1}^{\perp},K_{3}=H_{3}\cap H_{2}^{\perp}$
$\circ$
$H_{1}=K_{1}\oplus 0\oplus 0arrow J\oplus 0\oplus 0H_{2}=K_{1}\oplus K_{2}\oplus 0arrow I\oplus I\oplus 0$ $arrow H_{3}=K_{1}\oplus K_{2}\oplus K_{3}$ .
:
$\Gamma$ $\Gamma$
$|$r $|$ $A_{n}$ (H,f) $\Gamma$
$HiJ$ H2 $arrow$ f $H_{3}o_{3}H_{4}arrow f_{4}H_{5}arrow\sqrt sH_{6}$
$(H,f)$ . $m\in N$
$H_{k}=\oplus^{m}{}_{i\Rightarrow 1}H_{ht}$ ($H_{ht}$ $0$ )
$f_{k}=\oplus_{i1}^{\underline{m}}f_{k,i}\cdot:\oplus_{i1}^{\underline{m}}H_{s(a_{k}),i}arrow\oplus_{i}^{\underline{m}}{}_{1\langle a_{k})_{\partial}i}H$
$6f_{ki}$ : $H_{s(a_{i}),i}arrow H_{r(\alpha_{k}),l}$ $f_{k,i}=0$ $\lambda$k,l,
$u_{ht}$
$f_{k,i}=\lambda_{ht}u_{ti}$
: $\Gamma$ $\Gamma$ $|\Gamma|$ $A_{n}$ (HJ) $\Gamma$
$a\in V$ source (H,f) -
$\Phi_{\overline{a}}(H,f)$ -
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: $\Gamma 0$ $\Gamma$ $\Gamma_{0}$ $\Gamma$ $|\Gamma_{0}|$ $|\Gamma|$ $A_{n}(n\geq 2)$
$\Gamma_{0}$
$\circ|$ $arrow\circ 2$ $arrow 0_{3}$ $arrow\cdots\circarrow 0_{n}$
$v_{1},$ $v_{2},$ $\cdots,$ $v_{m}\in$ /
$v_{k}$ $\sigma_{\overline{\iota}_{k-t}},\cdots\sigma_{\backslash \backslash }^{-}\sigma_{1}$, ( $\Gamma$o) source $\sigma_{\overline{v}_{n}},\cdots\sigma_{1\underline{\backslash }}^{-}\sigma_{\mathfrak{i}_{1}}^{-}(\Gamma 0)=$ $\Gamma$
$Vk\neq n(\forall k=1,2, \cdots,n)$
$(H,J)=\Phi_{1m}^{-}\cdots\Phi_{\overline{v}_{-}},\Phi_{1}$ (1] O)Jo) $)$
$\Gamma$
$:(\sigma_{b}^{+}(\Gamma))$
$\Gamma$ $b\in$ 7 sink $b\in$ V
$E^{b}=\{a\in E;r(a)=b\}$
$b\in$ V $\sigma_{b}^{+}$ (r)
$\sigma_{b}^{+}(\Gamma)=(\sigma_{b}^{+}($ $, \sigma_{b}^{+}(E),r,s),$ $\sigma_{b}^{+}(V)=V,\sigma_{b}^{+}(E)=$ {ff; $\alpha\in$ Eb} $\cup$ (E $\backslash$ Eb)
$:(\Phi^{+}(H,J))$
$\Gamma$ $b\in$ 7 sink $\Gamma$ (H,f)
$\sigma_{b}^{+}(\Gamma$ $)$ $\Phi+$b $(H,f)=(K,g)$
$b\in$ V $H_{b}$ Hb $h_{b}$
$h_{b}((x_{s(a)}))$
$= \sum_{a\in E^{b}}f_{a}(x_{s(a)})\in H_{b}$
$K_{b}=kerh_{b}\subset\oplus_{\alpha\in E^{b}}H_{s(a)}$
$i_{b}$ : $K_{b}arrow\oplus_{a\in E^{b}}$ H,( )( ) $P\rho$ : $\oplus_{a\in E^{b}}H_{s(\sigma)}arrow H_{s(\beta)}(\beta\in Eb)$
$K_{v}=K_{b}(v=b),K_{v}=H_{v}(v\neq b)$
$gp=P\rho\cdot i_{b}(\beta\in E^{b}),g\rho=f_{\beta}(\beta\not\in E^{b})$
$:(\sigma_{\overline{a}}(\Gamma))$
$\Gamma$ $a\in$ 7 source
$\circ$ a $\in$ V
$E_{a}=\{\alpha\in E;s(\alpha)=a\}$
$a\in$ V $\sigma$5(r)
$\sigma_{\overline{a}}(\Gamma)=(\sigma:($ $, \sigma_{\overline{a}}(E),r,s),\sigma_{\overline{a}}(V)=V,\sigma_{\overline{a}}(E)=\{\varpi;a\in Ea\}\cup$ (E $\backslash$ Ea)
$:(\Phi^{-}(H,J))$
$\Gamma$ $a\in$ 7 source $\Gamma$ (H,f)
$\sigma$ a- $(\Gamma$ $)$ $\Phi$5(H$\partial$D $=$ $(K,g)$
$\tilde{h_{a}}:H_{a}arrow\oplus_{\alpha\in}s_{a}H_{u)}$
$\tilde{h_{a}}(x)=(f_{a}(x))_{\alpha\in E_{a}}$ $K_{a}=({\rm Im}\tilde{h_{a}})^{\perp}\subset\oplus_{\alpha\in E_{\Phi}}H_{ra)}$
$j_{\beta}$ : $H_{r(\beta)}arrow\oplus_{a\in E}$ $H_{\wedge a)}$ $(\beta\in Ea)$
$Q_{a}:\oplus_{a\epsilon E_{a}}H_{\wedge u)}arrow K_{a}=$ $({\rm Im}$ ha $)\perp$
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$K_{1},$ $=K_{a}(v=a),K,,$ $=H_{v}(v\neq a)$
$gp=Q_{a}\cdot j_{\beta}(\beta\in E_{a}),g_{\beta}=f_{\beta}(\beta\not\in E_{a})$
( )
: $\Gamma$ $a\in$ V source $\Gamma$ (H,f)
( ) $(H,f)$
$\sum_{\alpha\epsilon E_{a}}$ Im ( $a\in$ 7 -
)
$\Phi_{\overline{a}}(H,f)\neq 0$ $\Phi_{\overline{a}}(H,f)$
[EWI]M. Enomoto and Y. Watatani, Relative position offour subspaces $1i$? a Hilbert
space, Adv. Math. 201 (2006), 263-317.
[EW2]M. Enomoto and Y. Watatani, Indecomposable representations ofquiVers of
$ii?ffiii’te$-dimeiisional Hilbert spaces,(Joumal of Functional Analysis, in press)
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